Interference Devices (SQUIDs) 
INTRODUCTION
For more than 30 years, rf Superconducting Quantum Interference Devices (SQUIDs) have served as reliable and sensitive detectors of magnetic flux. Given the voluminous literature on the subject, one might have expected that all important features of this device had been treated in detail. Although this is certainly true for many aspects, it appears, however, that 13 and by Sorensen 14 . In the limit 1 << ′ L β the effects of small thermal fluctuations were addressed by Likharev and Ulrich 15 and by Danilov and Likharev 16 . The noise performance of both low-and high-inductance interferometers was studied intensively by Danilov The remainder of this paper is organized as follows. Chapter 2 addresses the model and explains numerical details. In Chapter 3, we choose sample parameters and discuss currentvoltage characteristics and the transfer function, and, in Chapter 4, we use these results to calculate the voltage and noise energy. In Chapter 5 we discuss the optimized circuit by varying a large number of parameters to minimize the noise energy. Chapter 6 contains our conclusions. Appendix A contains a list of symbols used in the paper. We address the noise temperature of rf SQUIDs used as amplifiers in the following paper 19 .
MODEL AND NUMERICAL DETAILS
To model the rf SQUID and its readout we consider the circuit shown in Fig arising from the resistors R and R T are modelled by two independent current sources I N and I N,T connected in parallel with R and R T , respectively, each with a white spectral density. We 6 We first derive the differential equations describing the circuit of Fig. 1 in dimensioned units. The Josephson junction is described by
Here, δ is the gauge invariant phase difference between the superconducting order parameters on either side of the barrier and J is the current circulating in the SQUID loop. Dots denote time derivatives.
The total flux Φ through the SQUID loop is connected to the gauge invariant phase 
where U NT and I NT denote the noise voltage across and noise current through the resistor R T , we find
Here,
as we see below, acts as a scaling parameter for voltages, currents and fluxes in the tank circuit. Further, from the current I 2 through the right arm of the tank circuit, we have
Equations (1) to (3) form a system of coupled differential equations for the variables δ, Φ T and U CT that we can use to calculate the dynamics of the rf SQUID. Before doing so, however, we convert the relevant equations into a dimensionless notation. We normalize . With these parameters for the rf SQUID loop, we find
For the tank circuit, with
and
8
Here, It is convenient to define the resistance ratio γ R =R T /R which can be expressed
We next give explicit expressions for the noise currents and voltages. The functions i N,0 and i NT,0 consist of a sequence of Gaussian distributed random numbers with zero average and a mean square deviation of unity. The random numbers change after a time interval τ noise well below any response time of the system (typically we take τ noise = 0.5). We express the noise current through the junction resistor as 
The above differential equations (4) -(6) depend on the three variables δ, u c and ϕ T and on 
and replacing (4) -(6) with
Below we thus consider only the case γ L = 1 unless otherwise stated. leading to a non-optimal value of e, while for some other, non-optimal, values of dv T /dϕ ext both s v and e were much lower. We conclude that to find the lowest noise energy this quantity itself needs to be optimized.
CURRENT-VOLTAGE CHARACTERISTICS AND TRANSFER FUNCTIONS
We begin by comparing the numerically calculated current-voltage characteristics
with analytical expressions obtained by Hansma 11 and Chesca 18 . At zero temperature, converted to our units, Hansma's expression is
, the detuning parameter 
Chesca 18 gives another expression for larger values of L β ′ that is valid for large fluctuations (Γ >> 1) only, and that is not reproduced here. In contrast to (10), (11) (10) or (11) we compute the zeroes of Finally, we demonstrate that the transfer function can be quite robust against noise. showing that the degradation in dv T /dϕ ext is dominated by fluctuations in the SQUID loop.
The effect of the tank circuit fluctuations becomes more severe for Γ T = 10Γ, but even then reasonable transfer functions can be obtained at least up to Γ = 1.
VOLTAGE NOISE AND NOISE ENERGY: EXAMPLES
We begin this section by looking at sample power spectra s vT and s uT of the (lowfrequency) tank voltage v T and (high-frequency) voltage u T (Fig. 7) . In Fig. 7(a) with the parameters discussed here, has a low-frequency noise energy ε about a factor of 8/5 lower than for this dc SQUID.
OPTIMIZED NOISE ENERGY
We next turn to the optimized noise energy. For 
This
, precisely the expression given by Danilov, et al. 17 For Table 1 . Throughout the frequency range investigated, e stays almost constant, with a value near 0.5 (for comparison, from (12) we would have expected a quadratic increase in e). In all cases the optimal value of L β ′ is near 1, although the scatter for this and the other optimized parameters is appreciable, indicating that near optimum values for e can be achieved over relatively large parameter ranges. However, at least for small drive frequencies, α should be quite large and is likely to be out of the experimental range. When, on the other hand, we fix α to the modest value of 0.2 in Fig. 10 , we see that e increases with decreasing f 0 ; at the lowest value shown, f 0 = 1/60, e ≈1.5. 
How serious is the problem of undercoupling? Figure 11 Table 2 . Table 2 , we find a tank circuit voltage v T = 0.88, yielding Q eff ≈ 55, much less than Q 0 . Another interesting prediction of (12) is that, for Γ T = 0, e should be independent of α and Q 0 . As can be seen in Fig. 11(a) for f 0 = 0.5 and Q 0 = 100 we indeed observe that e is independent of α for 0.1 < < < < α < < < < 1;
however, e increases below α ≈ 0.1. Furthermore, Fig. 11(b) shows that for f 0 = 0.1 and Q 0 = 100 e is strongly reduced for Γ T = 0 and α < < < < 0.3. In Fig. 11(b) we have plotted the fitting function 0.45[(1-α) 2 + 1] which approximately fits the data. We again emphasize, however, that, due to the error margins of the numerical data, such fit functions should not be taken too literally.
We next turn to the dependence of e on L β ′ and β c . As we have already seen, the lowest values were found for L β ′ slightly above unity. Figure 12 (Fig. 13, open circles) and the noise energy e increases, reaching a value of about 1 for β c = 10 ( Fig. 13, open squares) . On the other hand, when we vary i d and f d , the decrease in |dv T /dϕ ext | is more modest (Fig. 13, solid circles) , and e remains low for β c < 35 (Fig. 13, solid squares values of e the dimensioned noise energy ε can be lower for rf SQUIDs than for dc SQUIDs.
Is shunting necessary at all? We believe so, because otherwise the nonlinear quasiparticle resistance, of, say, an Nb tunnel junction would lead to additional up and down conversion of noise and probably also to additional chaotic effects.
CONCLUSIONS
We have seen from our numerical analysis that SQUID noise energies e of 0.4-0.5 can be achieved over a wide parameter range. The optimal value for L β ′ is 1 or slightly higher. In absolute units we thus obtain
In the latter formulation the noise energy for the rf SQUID is not very different from that for the dc
be about 1. Thus, for a given value of L, the rf SQUID allows for a lower value of I 0 than does the dc SQUID. When we fix I 0 R for a given junction, ε is a factor of 4-5 lower for the rf SQUID than for the dc SQUID. Furthermore, for the dc SQUID β c must be lower than 1 while for the rf SQUID it can be substantially higher in the regime where L β ′ is near optimum. If β c is determined by shunting the junction, R and thus I 0 R for the rf SQUID can be by much higher than for the dc SQUID. The above discussion was for the low temperature limit; however, we also saw that the rf SQUID tolerates much higher values of the noise parameter Γ -which can be about unity -without degrading the noise performance significantly. 22 What are the drawbacks of the rf SQUID? We saw that undercoupling is a problem even for drive frequencies as high as 10% of the junction characteristic frequency (that is, f 0 = 0.1).
Using f c = I 0 R/Φ 0 = 100 GHz as a typical value for the junction characteristic frequency, realistic drive frequencies are not much greater than 0.01. As indicated by our frequency dependent calculations (Fig. 10) We now give a realistic example, assuming that α = 0.2 is feasible. Figure 14 for the 1-GHz drive
is reduced by about a factor of 3. For the two drive frequencies C T should be about 50 fF (0.5 pF) and, with Q 0 = 100, we obtain R T ≈ 3Ω in both cases. These numbers are certainly attainable experimentally and a device like this should be feasible.
We Finally, another quantity of considerable interest for SQUID amplifiers -the noise temperature -is analyzed in the paper that follows. The noise temperature requires the analysis of a more complete circuit, including an input circuit coupled to the SQUID loop and an output preamplifier. We shall see that the optimal noise temperature can reach very low values even for realistic parameters, hopefully stimulating further experimental efforts to improve the noise properties of these devices. 
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